Drag effect and Cooper electron-hole pair fluctuations in a topological
  insulator film by Efimkin, D. K. & Lozovik, Yu. E.
ar
X
iv
:1
30
8.
26
01
v2
  [
co
nd
-m
at.
me
s-h
all
]  
19
 N
ov
 20
13
Drag effect and Cooper electron-hole pair fluctuations in a topological insulator film
D.K. Efimkin1 and Yu.E. Lozovik1, 2, 3, ∗
1Institute of Spectroscopy RAS, 142190, Troitsk, Moscow, Russia
2Moscow Institute of Physics and Technology, 141700, Moscow, Russia
3Moscow Institute for Electronics and Mathematics at National Research University HSE, 109028, Moscow, Russia
Manifestations of fluctuating Cooper pairs formed by electrons and holes populating opposite
surfaces of a topological insulator film in the Coulomb drag effect are considered. Fluctuational
Aslamazov-Larkin contribution to the transresistance between surfaces of the film is calculated. The
contribution is the most singular one in the vicinity of critical temperature Td and diverges in the
critical manner as (T − Td)
−1. In the realistic conditions γ ∼ Td, where γ is average scattering rate
of electrons and holes, Aslamazov-Larkin contribution plays important role and can dominate the
fluctuation transport. The macroscopic theory based on time-dependent Ginzburg-Landau equation
is developed for description of the fluctuational drag effect in the system. The results can be easily
generalized for other realizations of electron-hole bilayer.
PACS numbers: 71.35.Lk, 74.50.+r, 74.40.Gh
I. INTRODUCTION
In double layer structures many-body physics can
be probed in Coulomb drag effect (see1 and references
therein). Due to a momentum exchange between the
charge carriers from different layers an electric current
Idrive induced in an active layer leads to electric current
in a passive one. If the passive layer is closed Idrive
leads to a voltage drop Vdrag in it compensating the
drag force. In experiments transresistance of the bilayer
ρd = Vdrag/Idrive is measured. If charge carriers from dif-
ferent layers can be considered as weakly coupled Fermi
liquids the temperature dependence of a transresistance
in wide range of temperatures is ρD ∼ T
2 that has been
established both experimentally2,3 and theoretically4–6.
Deviation of a transresistance dependence from this usual
one can reveal existence of new broken symmetry phases
or strong interlayer correlations in a bilayer.
In a system of spatially separated electrons and holes
the Coulomb attraction between them can lead to
electron-hole Cooper pairing7. It has been predicted
in a semiconductor heterostructure7 in graphene dou-
ble layer system8–13 and in thin film of topological
insulator14–16. Electron-hole Cooper pairing can lead
to superfluidity7,17, nonlocal Andreev reflection18, inter-
nal Josephson effect19–23 and to strong Coulomb drag
effect24. Particulary rapid increasing of transresistance
below critical temperature and its jump at the tempera-
ture of Berezinskii-Kosterlitz-Thouless25,26 transition to
the superfluid state have been predicted.
In an electron-hole bilayer Cooper pairs can appear
above critical temperature as thermodynamic fluctua-
tions. They can lead to critical behavior of tunneling
conductivity that can be interpreted as fluctuational in-
ternal Josephson effect27 and to a pseudogap formation in
single-particle density of states of electrons and holes28.
Considerable enhancement of drag resistivity by Cooper
pair fluctuations in vicinity of the critical temperature
that smooths the jump has been predicted29. In that
work Maki-Thompson30,31 (MT) contribution to transre-
sistance, that logarithmically diverges in vicinity of the
critical temperature, has been calculated. Later the same
dependence has been obtained within kinetic equation
approach. In that approach the Coulomb interaction be-
tween electrons and holes was renormalized by Cooper
pair fluctuations and treated perturbatively32,33. Hence
that contribution to the transresistivity has the single-
particle origin. There is another, Aslamazov-Larkin34
(AL) contribution to the transresistivity that was ne-
glected in those works. Here we calculate it both micro-
scopically and within the macroscopic approach based on
time-dependent Ginzburg-Landau equation. The contri-
bution has collective origin and comes from the possibil-
ity of fluctuating Cooper pairs to carry electric currents
both in electron and hole layers. The fluctuational drag
effect is considered for topological insulator thin film but
the results can be easily generalized for other realizations
of an electron-hole bilayer.
The system of spatially separated composite electrons
and composite holes is realized in quantum Hall bilayer
at total filling factor νT = 1
35. For that system fluc-
tuational contributions to transresistivity including AL
one have been calculated36,37. But in quantum Hall bi-
layer interaction between electron and hole is not only
Coulomb in origin but also comes from fluctuations of
Chern-Simons field. The later is important and influences
both drag in weak coupling regime38,39 and fluctuational
drag in vicinity of the critical temperature.
The rest of the paper is organized as follows. In the
Section 2 we briefly discuss the model. The section 3
is devoted to microscopical description of the Cooper
pair fluctuations. In section 4 we present microscopical
approach for fluctuational drag effect. In Section 5 we
present macroscopical theory of the fluctuational trans-
port. The Section 6 is devoted to analysis of results and
discussions.
2II. THE MODEL
Let us consider the system of spatially separated Dirac
electrons and holes populating opposite surfaces of topo-
logical insulator film. Possibility and the peculiarities of
electron-hole Cooper pairing in that system is discussed
in details in our paper14. The Hamiltonian of the sys-
tem in the single-band approximation that ignores va-
lence (conduction) band on the surface with excess of
electrons (holes) is given by
Heh =
∑
p
ξpa
+
p
ap −
∑
p
ξpb
+
p
bp+
+
∑
pp′q
U(q)Λp+q,p
p′−q,p′a
+
p+qb
+
p′−q
bp′ap.
(1)
Here ap is annihilation operator for a electron on the
surface with excess of electrons and bp is annihilation
operator for a electron on the surface with excess of
holes40; ξp = vFp− EF is Dirac dispersion law in which
vF and EF are velocity and Fermi energy of electrons
and holes. The balanced case is considered since Cooper
pairing is sensitive to concentration mismatch of elec-
trons and holes. U(q) is screened Coulomb interaction
between electrons and holes (see14 for its explicit value)
and Λp+q,p
p′−q,p′ = cos (φp,p+q/2) cos (φp′,p′+q/2) is angle
factor originating from the overlap of spinor wave func-
tions of two-dimensional Dirac fermions. Critical tem-
perature of pairing in weak-coupling or Bardeen-Cooper-
Schrieffer (BCS) regime is given by
T0 =
2γ′EF
π
e−1/νFU
′
, (2)
where γ′ = eC where C ≈ 0, 577 is the Euler constant;
νF = EF/2πv
2
F is density of states of electrons and holes
on Fermi level. Here U ′ is Coulomb coupling constant.
In our work14 we have calculated Coulomb coupling con-
stant in static limit of Random Phase Approximation.
The maximal value of dimensionless coupling constant
for realistic Bi2Se3 TI films can achieve νFU
′ ≈ 0.18 that
corresponds to T0 ∼ 0.1 K. But we aware that this ap-
proximation can considerably underestimate critical tem-
perature. But the dynamical and multiband effects41–43
can be incorporated in our theory by renormalization of
Coulomb coupling constant, so here we treat T0 as phe-
nomenological parameter.
We do not specify explicitly the interaction Hamilto-
nian with disorder. Since components of a Cooper pair
are spatially separated and have opposite charge both
short-range disorder and long-range Coulomb impurities
lead to the pairbreaking and can suppress Cooper pair-
ing. Below we introduce phenomenological scattering
rates of electrons γe and holes γh.
III. THE COOPER PAIR FLUCTUATIONS
For microscopical description of gaussian Cooper pair
fluctuations we introduce Cooper propagator ΓRc (ω,q)
44.
It corresponds to the two-particle vertex function in the
Cooper channel and satisfies the Bethe-Salpeter equation
depicted on Fig.1-a. In BCS regime its solution can be
presented in the form
ΓRc (ω,q) =
U ′
1− U ′ΠRc (ω,q)
, (3)
where ΠRc (ω,q) corresponds to electron-hole bubble dia-
gram. It can be interpreted as Cooper susceptibility of
the system and can be analytically continued from
Πc(iΩn,q) = −T
∑
pωn
Ge(iωn + iΩn,p+ q)Gh(iωn,p),
(4)
where Ge(h)(iωn,p) = (iωm ∓ ξp + iγe(h)sgnωn) is the
single-particle Green function of the electrons in the cor-
responding layer and γe(h) is phenomenologically intro-
duced scattering rate. Frequencies Ωn = 2πnT and
ωn = (2n + 1)πT are bosonic and fermionic Matsubara
ones. After direct evaluation of (4) we obtain for the
Cooper propagator
ΓRc (ω,q) = (νF
(
ln
T
T0
+Ψ
(
1
2
+
γ
2πT
)
−Ψ
(
1
2
))
−
−i
νFω
4πT
Ψ′
(
1
2
+
γ
2πT
)
+
νFv
2
Fq
2
64π2T 2
∣∣∣∣Ψ′′
(
1
2
+
γ
2πT
)∣∣∣∣)−1.
(5)
Here Ψ(x) is the digamma function and γ = (γe + γh)/2
is disorder caused Copper pair scattering rate45. In the
absence of disorder ΓRc (0, 0) = 0 at the critical temper-
ature T0 indicating Cooper instability of the system to-
ward Cooper pairing. Critical temperature for disordered
system Td at which Γ
R
c (0, 0) = 0 satisfies the following
equation
ln
Td
T0
+Ψ
(
1
2
+
γ
2πT
)
−Ψ
(
1
2
)
= 0. (6)
This equation has nontrivial solution if γ < 0.89T0. In
the opposite case the pairing is suppressed by disorder.
Below we suppose that the Cooper pairing is not sup-
pressed by disorder.
Above the critical temperature Td the expression for
Cooper pair propagator (5) can be approximated in the
following way
ΓRc (ω,q) = −
1
iγcω − ǫq
. (7)
where ǫq = a+Dq
2 can be interpreted as energy of fluc-
tuating Cooper pair and the corresponding coefficients
3a)
Γc
= +
Γc
b)
Je
Je
Je
Je
+ Je Je
c)
Je Jh + Je Jh
FIG. 1. (Color online) a) Diagrammatic representation of
the Bethe-Salpeter equation for the Cooper propogator Γc; b)
DOS (left) and Aslamazov-Larkin (right) contributions to the
conductivity of electron layer. c) Maki-Thompson (left) and
Aslamazov-Larkin (right) contributions to transconductivity.
Solid (dashed) line corresponds to electrons on the surface of
TI film with excess of electrons (holes).
are given by
a = νF ln
T
Td
, γc =
νF
4πTd
Ψ′
(
1
2
+
γ
2πTd
)
,
D =
νFv
2
F
64π2T 2d
∣∣∣∣Ψ′′
(
1
2
+
γ
2πTd
)∣∣∣∣ .
(8)
IV. MICROSCOPIC CALCULATION OF
CONDUCTIVITY TENSOR
Electric currents Je and Jh in electron and hole sur-
faces of TI film are connected with the corresponding
electric fields Ee and Eh as(
Je
Jh
)
=
(
σe σD
σD σh
)(
Ee
Eh
)
. (9)
Here σe(h) are conductivities of the layers and σD is
transconductivity. For calculation of the contribution of
Cooper pair fluctuations to conductivity tensor we use
Kubo linear response theory. In that approach the con-
ductivity tensor can be presented in the form
σRαβ = lim
ω→0
Im[χRαβ(ω)]
ω
, (10)
where χRαβ(ω) is current-current response tensor that can
be obtained by analytical continuation from Matsubara
response tensor χMαβ(iΩn) that is given by
χMαβ(iΩn) =
1
2β
∫ β
−β
eiΩnτ 〈TτJ
x
α(τ)J
x
β (0)〉. (11)
Here Tτ is the time-ordering symbol for a imaginary time
τ and Ωn = 2πnT is a bosonic Matsubara frequency;
Jxe(h) is the electric current operator in the layer with
excess of electrons (holes).
Nonzero contribution to the transconductivity comes
from the second order diagrams in interlayer Coulomb
interaction that is reasonable approximation for weakly
coupled bilayer6. In the vicinity of the critical temper-
ature Cooper propagator becomes singular and the di-
agrams with the propagators need to be taken into ac-
count. The most divergent diagrams to conductivity of
an electron layer (the diagrams to conductivity of a hole
layer can be obtained by exchanging the Green functions
corresponding to different layers) and transconductivity
are presented on Fig.2-b and Fig.2-c. Two DOS diagrams
in which Cooper propagator renormalizes single-particle
Green function and AL diagram contribute to single layer
conductivity. Only MT and AL diagrams contribute to
transconductivity and no contribution to it comes form
the DOS diagrams.
In the realistic conditions γ ∼ Td ≪ EF (see dis-
cussions in the last Section) the fluctuation contribu-
tions to conductivity tensor that are of order of e2/h
is considerable smaller then Drude conductivity σe(h) =
e2EF/4hγ
tr
e(h). Hence fluctuational contributions to sin-
gle layer conductivities can be neglected and we conclude
that one needs to take into account only MT and AL
contributions to transconductivity. The primer has been
calculated in Ref.[29] and the later is calculated below.
Here we do not omit AL contribution to single layer con-
ductivity since in the next Section we compare results of
microscopical and macroscopical approaches.
The AL contribution to the current-current response
tensor can be presented in the form
χMαα(iΩn) = T
∑
pn,q
Γc(iΩn + ipn,q)Γc(ipn,q)
Bα(q, ipn + iΩn, ipn)Bα(q, ipn, ipn + iΩn).
(12)
χMαα¯(iΩn) = T
∑
ipn,q
Γc(iΩn + ipn,q)Γc(pn,q)
Bα(q, ipn + iΩn, ipn)Bα¯(−q,−ipn,−ipn − iΩn).
(13)
Here we have introduced triangle vertexes
Be(h)(q, p
1
n, p
2
n) = ±evF
γe(h)
γtre(h)
T
∑
wn,p
Gh(e)(iwn,p)
Ge(h)(iwn + ip
1
n,p+ q)Ge(h)(iwn + ip
2
n,p+ q).
(14)
Here γtre(h) is the transport scattering rate that comes
from the renormalization of current vertexes due to dis-
order. The main contribution to the sums (12) and (13)
4comes from the Cooper propagator hence we can neglect
dependence of triangle vertexes Be(h)(q, p
1
n, p
2
n) on fre-
quencies p1n and p
2
n. After direct calculation we receive
Be(h)(q, 0, 0) = 2eDq · γe(h)/γ
tr
e(h). (15)
The elements of conductivity tensor can be presented in
the following way
σALαβ =
δ¯αβΛαβ
2
∑
q
(2eDq)2Yq. (16)
where the factor Λαβ = γαγβ/γ
tr
α γ
tr
β takes into account
difference between scattering rate γe(h) and transport
scattering rate γtre(h); δ¯αβ = 1 for α = β and δ¯αβ = −1 in
the opposite case. The function Yq is given by
Yq =
1
ω
[
∑
ipn
Γc(iΩn + ipn,q)Γc(pn,q)]| iΩn→ω+iδ
ω→0
. (17)
Performing summation on Matsubara frequencies and an-
alytical continuation we obtain
Y (q) =
∫
∞
−∞
dǫ
4πT
(
ImΓRc (ǫ,q)
sinh(ǫ/2T )
)2
=
Tγc
2ǫ3
q
. (18)
After substitution of (18) to (16) and integration we re-
ceive
σALαβ = δ¯αβΛαβ
e2
h
Tγc
4a
(19)
Using explicit expressions for the coefficients in Cooper
propagator (8) we receive the final expression
σALαβ = δ¯αβΛαβ
e2
16πh
Ψ′
(
1
2
+
γ
2πT
)
1
ln(T/Td)
. (20)
V. TDGL BASED APPROACH
The AL contribution to the conductivity tensor can
be evaluated within the macroscopic approach based on
time-dependent Ginzburg-Landau (TDGL) equation46.
It is well applicable for description of the dynamics of
Cooper pair fluctuations above the critical temperature.
We have microscopically derived the TDGL equation for
order parameter of electron-hole condensate ∆(r, t). If
we add Langevin noise η(r, t) to the equation it has the
following form
−γc
(
∂∆
∂t
+ ie(φe(r, t) − φh(r, t))∆
)
=
= −D∆r∆+ a∆+ η(r, t).
(21)
Here coefficients γc, a and D coincide with those in the
expression for Cooper propagator (8); φe(r, t) and φh(r, t)
are potentials in electron and hole layers. Langevin
noise has the correlation function of the white noise
〈η∗(r, t)η(r′, t′) = 2γcTδ(r− r
′)δ(t− t′). TDGL equation
(21) can be reduced to the form of Boltzmann equation
with help of the Wigner transformation for the conden-
sate order parameter
F (R,p, t) =
∫
dreipr∆∗(R+r/2, t)∆(R−r/2, t). (22)
Function F (R,p, t) can be interpreted as distribution
function of Cooper pair fluctuations and satisfies the
Boltzmann-type kinetic equation
∂F
∂t
+ e(Ee −Eh)
∂F
∂p
= −
2
γc
ǫp(F − F0(p)). (23)
Here ǫp = a+Dp
2 is energy of Cooper pair and F0(p) =
T/ǫp is the distribution function in equilibrium induced
by Langevin noise. The full force fc = e(Ee −Eh) acting
on Cooper pair is the difference of the forces acting on its
components since they are oppositely charged. Electric
currents in electron and hole layers carried by the Cooper
pair fluctuations are given by
je(h)(r) = ±e
∑
p
vp F (R,p, t). (24)
where vp = ∂ǫp/∂p = 2Dp is the velocity of Cooper
pairs. The system of equations (23) and (24) has the
important difference from the analogous one for Cooper
pair fluctuations in superconductors47. The force acting
on a Cooper pair in a superconductor is fc = 2eE and the
current is the sum of currents carried by its components
since they have the same charge and are not spatially
separated. Calculating currents carried by the Cooper
pair fluctuations in electron-hole bilayer in presence of
electric fields we obtain
je(h) = ±
e2
h
Tγc
4a
(Ee −Eh). (25)
The calculated contribution of Cooper pair fluctuations
to the conductivity tensor differs from the microscopi-
cally calculated one (19) by the factor Λαβ . If the short-
range disorder is dominating scattering mechanism then
Λαβ = 4 due to suppression of backscattering for Dirac
electrons and holes (For other scattering mechanisms
see48 and references therein). But if the subtle differ-
ence between the scattering rate γe(h) and the transport
scattering rate γtre(h) is neglected then the microscopic and
macroscopic approaches give the same analytical result.
VI. ANALYSIS AND DISCUSSIONS
Transresistance of a bilayer that is the ration be-
tween current in active layer to voltage drop in passive
layer is measured experimentally. The electric current
at side surfaces shunts the layers and interferes with the
Coulomb drag effect. The problem can be overcame if
the side surfaces are gapped by magnetic doping or by
5proximity effect to insulating ferromagnet. Recently both
mechanisms has been demonstrated experimentally49–51.
The side shunting surfaces become also unimportant if
the active area of the film in which the contacts are sit-
uated and drag effect takes place is considerably smaller
then the full area of TI film. In both cases the transresis-
tance is connected with components of the conductivity
tensor in the usual way
ρD = −
σD
σeσh − σ2D
. (26)
According to (26) fluctuational contributions to con-
ductivity tensor that are of order e2/h became impor-
tant for Coulomb drag effect if they are comparable with
drag conductivity. Ratio between them and bare value
of single layer conductivity that can be approximated by
Drude formula σe(h) = e
2EF/4hγ
tr
e(h) depends on ratio
between parameters γ, Td and EF. Electron-hole Cooper
pairing is fragile both to long-range and short-range dis-
order and Td ≪ EF in weak-coupling limit. Hence in
dirty limit Td ≪ γ ∼ EF the pairing is suppressed. More-
over since predicted critical temperature does not exceed
degrees of Kelvin the ultraclean limit γ ≪ Td is very
difficult to realize experimentally. Hence we conclude
that the only regime γ ∼ Td ≪ EF corresponds to the
realistic conditions. In that regime fluctuational contri-
butions are considerably smaller then Drude term and
contributions of Cooper pair fluctuations to single layer
conductivities can be neglected. Hence we conclude that
electron-hole Cooper pair fluctuations do not influence
single layer transport. In the realistic conditions the drag
conductivity in the denominator of (26) can be neglected
and MT and AL contributions to transresistivity do not
interfere. The AL contribution to the transresistance ac-
cording to the (26) is given by
ρALD =
h
e2
γeγh
πE2F
Ψ′
(
1
2
+
γe + γh
4πT
)
1
ln(T/Td)
. (27)
The formula (27) is the main result of the work.
The AL contribution to transresistivity diverges in the
vicinity of the critical temperature Td in the critical
manner as ρALD ∼ (T − Td)
−1. At higher temperatures
∆T & Td it is decreasing in logarithmical way in the
same manner as MT contribution29. Hence at high tem-
peratures the contributions are undistinguishable. But in
the vicinity of the critical temperature the later has has
logarithmic singularity and can be approximated as29
ρMTD =
h
e2
32π2T 2d
35Ξ(3)E2F
ln
(
πTd
8(T − Td)
)
. (28)
And Ξ(3) ≈ 1.2 where Ξ(x) is Zeta-function. The re-
sult of competition between AL and MT contributions
in vicinity of the critical temperature depends not only
on the singularity strength but also on the prefactors in
(27) and (28). In the ultraclean limit γ ≪ Td the domi-
nating one is MT contribution due to the corresponding
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FIG. 2. (Color online) Temperature dependence of the tran-
sresistance (solid red) as well as AL (dashed blue) and MT
(dotted green) fluctuational contributions to it. Four sub-
plots have the same scale and correspond to different values
of Cooper pair decay: 1) γ = 0.05 K; 2) γ = 0.06 K; 3)
γ = 0.07 K; 4) γ = 0.08 K. The phase diagram of the system,
in which BCS denotes the paired state, is depicted on inset of
subplot 2. The arrows on it correspond to four subplots.
prefactor. But in the realistic regime γ ∼ Td the AL
contribution plays important role.
The full value of transresistance includes the term
calculated within the second order of perturbation the-
ory in Coulomb interaction ρ0D(T ), AL contribution and
MT contribution. Drag effect between Dirac layers
has been extensively studied in double layer graphene
structures52–55. In the limit kFd≪ 1, which is favorable
for electron-hole Cooper pairing14, the transresistance of
Dirac bilayer is given by52 ρ0D = h/e
2 ·4πT 2/3E2F ·F (αc),
where F (αc) is the smooth function of the effective fine
structure constant αc = e
2/~vF for Dirac electrons and
holes. Here d is topological insulator film width and
kF is Fermi momentum of electrons and holes. For a
calculation of temperature dependence of transresistiv-
ity and fluctuational contributions (27) and (28) to it
we used the following set of parameters EF = 5 meV
and αc = 3.57, T0 ≈ 0.1 K, F ≈ 0.05. The set cor-
responds to Bi2Se3 TI film with width d = 10 nm.
We also have used four values of Cooper pair scatter-
ing rate γ = 0.05 K, 0.06 K, 0.07 K, 0.08 K which cor-
responds to the following critical temperatures Td ≈
0.057 K, 0.047 K, 0.036 K, 0.023 K. The ratio ρd(T )/ρ
0
d,
where ρ0d = ρ
0
d(Td) is transresistance value in second or-
der perturbation theory at critical temperature, is pre-
sented on Fig.2. If γ . Td the dominating contribution
to the transresistivity is MT one. At Td . γ . 4Td
both contributions are important but AL dominates in
the vicinity of the critical temperature since it is more
singular one. If γ & 4Td AL contribution dominates
the fluctuational transport in the full temperature range.
6We conclude that AL contribution plays important role
within vast region of the phase diagram depicted on inset
of Fig.2 and can completely dominate fluctuation trans-
port in electron-hole bilayer.
In a conventional superconductor AL, MT and DOS
diagrams contribute to its conductivity in the vicinity of
the critical temperature. AL and MT diagrams give pos-
itive contribution whereas the DOS ones give the neg-
ative one. The result of their competition depends on
ratio between the parameters T0, EF, γel, γφ. Here γel is
elastic scattering rate on nonmagentic disorder and γφ is
phasebreaking or pairbreaking rate. Since nonmagnetic
disorder does not lead to pairbreaking in conventional
superconductor (Anderson theorem) there are two pa-
rameters connected with it which can considerably differ
from each other. In different regimes the result of compe-
tition is different and total fluctuational contribution can
have as positive, as negative sign. Moreover the number
of different regimes can be realized experimentally. So
fluctuational transport in superconductors is vast area of
condensed matter theory (See44 and references therein).
In electron-hole bilayer, on the contrary, the situation is
quite definite. There are only AL and MT contributions
to transresistivity which have the same sign. Any realis-
tic disorder leads to pairbreaking and there is only scale
γ = (γe + γh)/2 connected with it. Moreover there is
the only regime γ ∼ Td ≪ EF that corresponds to the
realistic experimental conditions.
If the fluctuational transport is dominated by AL con-
tribution it can be effectively described within the Boltz-
mann kinetic equation for fluctuating Cooper pairs de-
rived here. That equation can be easily generalized to the
presence of external magnetic field and can used for inves-
tigation of the heat transport56,57, AC-transport58 and
nonlinear effects59 connected with fluctuating Cooper
pairs.
The calculated AL contribution to transconductivity
is universal. It depends only on parameters of Cooper
propagator and does not depend explicitly on electron
and hole single-particle spectrum. Hence we conclude
that our theory is well applicable for other realizations
of electron-hole bilayer including semiconductor bilayer
and double layer graphene structure.
Recently anomalous increasing of transresistance with
decreasing of temperature has been measured in semi-
conductor heterostructure with spatially separated elec-
trons and holes60,61. Hence at low temperatures elec-
trons and holes in that system do not behave as weakly-
coupled Fermi liquids. Measured temperature depen-
dence of transresistance contradicts with the predicted24
and experimentalists have tried to interpret the effect
as manifestation of the Cooper pair fluctuations. The
anomalous dependence has been measured in low-density
regime and is not sensitive to concentration mismatch of
electrons and holes. So it can be connected with electron-
hole pairing not in BCS regime but in the regime of BCS-
BEC crossover62,63. Quantitative theory of the fluctua-
tional drag effect in that regime is interesting and chal-
lenging problem. In that system Cooper pairing was pre-
dicted to occur in at higher densities of electrons and
holes. So if anomalous dependence of transresistanse is
found in the regime of high densities in that system then
our predictions can be tested.
We have investigated manifestations of fluctuating
Cooper pairs formed by electrons and holes populat-
ing opposite surfaces of a topological insulator film in
Coulomb drag effect. We have calculated Aslamazov-
Larkin fluctuational contribution to transresistivity that
is the most singular one and diverges in the critical man-
ner as (T − Td)
−1 in the vicinity of the critical tempera-
ture. In the realistic conditions γ ∼ Td ≪ EF it plays im-
portant role and can fully dominate the fluctuation trans-
port in electron-hole bilayer. In that case the fluctua-
tional transport can be described within macroscopic ap-
proach based on time-dependent Ginzburg-Landau equa-
tion developed here. The results can be easily gener-
alized for other realizations of electron-hole bilayer in-
cluding semiconductor heterostructure and double layer
graphene system.
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